We construct heterotic vacua based on six-dimensional nearly-Kahler homogeneous manifolds and non-trivial vector bundles thereon. Our examples are based on three specific group coset spaces. It is shown how to construct line bundles over these spaces, compute their properties and build up vector bundles consistent with supersymmetry and anomaly cancelation. It turns out that the most interesting coset is SU (3)/U (1) 2 . This space supports a large number of vector bundles which lead to consistent heterotic vacua, some of them with three chiral families. m.klaput1@physics.ox.ac.uk
Introduction
The presence of gauge bundles is one of the distinctive features of heterotic string compactifications which is responsible for many of the physically interesting properties as well as technical complications of heterotic models. For heterotic Calabi-Yau compactifications the internal metric is not known explicitly which makes it difficult to solve for gauge connections. This problem can be largely circumnavigated by using techniques from algebraic geometry.
In this paper, we would like to study gauge bundles in the context of heterotic non-CalabiYau compactifications. We will construct gauge bundles leading to consistent heterotic vacua over non-Calabi-Yau spaces and we believe this to be the first time such constructions have being carried out explicitly.
Non-Calabi-Yau compactifications, in the present context on six-dimensional manifolds with SU (3) structure, are an important generalization of the Calabi-Yau case and, due to the presence of flux or torsion, they may be particularly relevant to the problem of moduli stabilisation. The conditions on the most general heterotic compactifications with a four-dimensional maximally symmetric space-time and four preserved supercharges have been found some time ago by Strominger [1] . The internal, six-dimensional manifolds of these solutions belong to a particular sub-class of manifolds with SU (3) structure and they are complex but not, in general, Kähler. The present paper is based on a more general class of heterotic vacua which preserves only two supercharges, with the four-dimensional space-time being a domain wall [2] rather than a maximally symmetric space. Such vacua can still be associated with a covariant, four-dimensional N = 1 supergravity theory with a "ground state" which is given by a half BPS domain wall. Eventually, this domain wall ground state will have to be "lifted" to Minkowski or de-Sitter space, possibly in a way similar to what is common practice when lifting AdS vacua.
In this paper, we work within the context of the simplest class of such heterotic domain wall vacua, where the NS flux vanishes and the dilaton is constant. In this case, it turns out that the internal six-dimensional manifold has an SU (3) structure which is half-flat. Such half-flat manifolds also arise in the context of type II mirror symmetry with flux [3] and many useful properties of such half-flat mirror manifolds can be inferred from mirror symmetry [3] . Heterotic compactifications on such half-flat mirror manifolds have first been studied in Refs. [4, 5] and much can be said about the gravitational sector of the resulting low-energy theories. However, the study of gauge bundles over such spaces is considerably more difficult mainly due to the lack of explicit examples.
In this paper, we consider three explicit half-flat manifolds, the three coset spaces SU (3)/U (1) 2 , Sp(2)/SU (2) × U (1) and G 2 /SU (3). In Refs. [6] [7] [8] [9] heterotic compactifications on these coset spaces have been studied, focusing on the gravitational sector of the theory. The main point of this paper is to study gauge bundles over these coset spaces in order to construct consistent heterotic compactifications. While these coset spaces (with their half-flat SU (3) structure) are not complex and, hence, methods of algebraic geometry are difficult to apply, their group origin facilitates explicit computations. Metrics and gauge connections can be explicitly constructed and the relevant equations of 10-dimensional N = 1 supergravity can be checked directly. We also observe that the three coset spaces have the structure of half-flat mirror manifolds so that the earlier, general results on the gravitational sector [2] directly apply.
The plan of the paper is as follows. After a brief review of heterotic domain wall solutions in the next section, Section 3 presents the necessary material on coset spaces and the three particular examples studied in this paper. Section 4 explains how to construct vector bundles on coset spaces and how to compute some of their properties. In section 5, these general methods are then applied to our three specific coset spaces, leading up to a preliminary discussion of the model building options which arise. We conclude in Section 6. Appendix A summarises our index conventions and reviews some useful material on SU (3) structures which is used in the main text. Appendix B presents details of the three coset spaces, in particular explicit generators for the Lie-algebra, structure constants and some topological invariants, such as Betti numbers.
Heterotic domain wall solutions
Before we present the explicit coset constructions central to this paper we would like to discuss the general context of solutions to heterotic string theory into which these constructions fit. We begin with a brief review of 10-dimensional N = 1 supergravity and its Killing spinor equations. Halfflat manifolds, of which our cosets are examples, lead to solutions of the heterotic string provided they are combined with four-dimensional domain wall solutions. In practice this means, the fourdimensional effective theory, associated to compactifications on such half-flat manifolds, is a fourdimensional covariant N = 1 supergravity, however with a perturbative "vacuum" solution, given by a domain wall. The structure of the relevant 10-dimensional solutions, combining half-flat manifolds and four-dimensional domain walls is explained in the second part of this introductory section. In the last part, we review the properties of a specific sub-class of half-flat manifolds, so called half-flat mirror manifolds, which arise in the context of type II mirror symmetry with NS flux [3] . As we will show in the next section, our coset manifolds fall into this sub-class of half-flat mirror manifolds.
Ten-dimensional N = 1 supergravity
The bosonic field content of ten-dimensional N = 1 supergravity consists of the metricĜ, the dilatonφ, the NS-NS two-formB with associated field strengthĤ = dB and the gauge fieldÂ with gauge group E 8 × E 8 or SO(32) and field strengtĥ
Much of the discussion in this paper applies to both gauge groups, however, when we need to be specific we will focus on the E 8 × E 8 case. The bosonic part of the action governing the dynamics of these fields is given by
to first order in the string tension α ′ . Here κ 10 is the 10-dimensional Planck constant. This action has to be supplemented by the Bianchi identity
The fermionic field content consists of the gravitino, ψ M , the dilatino, λ and the gauginos χ, all of them 10-dimensional Majorana-Weyl spinors. Their supersymmetry transformations take the form
where ǫ is a 10-dimension Majorana-Weyl spinor parametrizing supersymmetry. Further, we have introduced the gamma matrix contractionsĤ =Ĥ M N P Γ M N P andĤ M =Ĥ M N P Γ N P . Supersymmetric solutions of the theory should satisfy the Killing spinor equations δψ M = 0, δλ = 0 and δχ = 0. It then follows that they satisfy the equations of motion derived from the action (2.2), provided that, in addition, the Bianchi identity (2.3) is satisfied. We will now introduce the particular general class of solutions relevant for this paper.
Domain walls and SU(3)-structures
The "traditional" approach to finding 10-dimensional solutions to the heterotic string which may lead to phenomenologically interesting compactifications to four dimensions is based on assuming four preserved supercharges and an external four-dimensional space-time which is maximally symmetric. In the simplest case, that is, for vanishing H-flux and a constant dilaton, this approach leads to internal Calabi-Yau manifolds times a four-dimensional Minkowski spacetime [10] . These solutions have been the basis of much research and attempts to relate the heterotic string to observable physics. More generally, one can allow for non-vanishing flux and a varying dilaton but keep the requirement of four preserved supercharges and maximallysymmetric external space-time. This leads to a set of solutions, based on complex, non-Kähler manifolds, described by Strominger [1] . Unfortunately, not many examples of such manifolds are known explicitly.
Here, we will take a somewhat different approach. We will only ask for two preserved supercharges and allow the four-dimensional space-time to be a domain wall, rather than a maximally symmetric space. The detailed implications of this approach and the structure of the solutions has been worked out in Ref. [2] . In particular, it was found that, in the simplest case for vanishing flux and a constant dilaton, the internal space is now an SU (3) structure manifold of a particular kind, namely a so-called half-flat manifold. How can 10-dimensional solutions with two supercharges and based on a four-dimensional domain wall be phenomenologically relevant? As is known for some time [4, 5] , compactifications of the heterotic string on half-flat manifolds are associated to perfectly covariant four-dimensional N = 1 supergravity theories. However, due to a non-trivial superpotential, the "vacuum state" of these four-dimensional supergravities is not a maximally symmetric space but a domain wall, precisely the same domain wall which appears in the full 10-dimensional solution. While such a domain wall state is ultimately not a desired ground state for our four-dimensional universe it might be argued that "lifting" it to, say, a Minkowski or de Sitter space, by means of additional contributions to the scalar potential, is no more a far-fetched scenario than the widespread practice of lifting an AdS vacua. At any rate, this is the philosophy behind our approach and the motivation to look at more detailed, phenomenologically relevant properties of such domain wall vacua.
Let us now discuss the structure of these solutions in more details. As mentioned, we will do this for the simplest case of vanishing NS flux and constant dilaton, that is,
The metric, consisting of a six-dimensional internal space and a four-dimensional domain wall, has the structure
Here the indices α, β, . . . range over 0, 1, 2 and label the world volume coordinates of the domain wall, while y = x 3 is the remaining direction of four-dimensional space-time transverse to the domain wall. The six directions labeled by indices u, v, · · · = 4, ..., 9 refer to the internal, compact manifold, X, while indices m, n, · · · = 3, . . . , 9 label all seven directions transverse to the domain wall. More details on our conventions can be found in Appendix A. Given the absence of stress energy due to Eqs. (2.5) the above metric needs to be Ricci-flat in order to solve Einstein's equations. This means that the seven-dimensional space transverse to the domain wall must be a manifold with holonomy G 2 (or smaller), carrying a covariantly constant spinor η = η(x m ). The Killing spinor equations associated to the supersymmetry transformations (2.4a) and (2.4b) of the gravitino and dilatino are then satisfied for 10-dimensional spinors of the form
where ρ is a 2 + 1-dimensional spinor on the domain wall world volume which parameterises the two supersymmetries of the solution. The appearance of θ is due to the dimensionality of the respective spinors and is a constant two-component spinor depending on the chirality of ǫ and the choice of gamma matrices representation. Manifolds with G 2 holonomy can also be characterised by a torsion-free G 2 structure, that is, a closed and co-closed three form ϕ. In terms of the covariantly constant spinor η, this form can be written as ϕ mnp = −iη † γ mnp η. In order to understand the structure of the six-dimensional internal space X is it useful to decompose the G 2 structure in the usual way as
where J and Ω = Ω + + iΩ − are two-and three-forms, respectively, which define an SU (3) structure on X with associated metric g uv . Closure and co-closure of ϕ then translates into the conditions
The first two of these equations tell us that the SU (3) structure on X has specific properties which are referred to as "half-flat". In terms of the classification of SU (3) structures by five torsion classes W 1 , . . . , W 5 a half-flat manifold can be characterised by 10) with the remaining classes being arbitrary. A short summary of SU (3) structures and torsion classes is presented in Appendix A.2. We note that, since W 1 and W 2 are generically nonvanishing, the almost complex structure J is not integrable, so that half-flat manifolds are, in general, not complex. The last two equations (2.9) describe how the SU (3) structure on X varies along the direction y and are known as Hitchin's flow equations [11, 12] . To summarise the discussion so far, we have introduced a class of space-time background solutions to the heterotic string with a "dual" interpretation. From one point of view these backgrounds consist of 2 + 1-dimensional Minkowski space times a manifold with G 2 holonomy. Alternatively, they can be viewed as a four-dimensional domain wall with transverse direction y and a six-dimensional halfflat manifold fibered along this transverse direction. Of course, this should only be considered a solution at lowest, zeroth order in α ′ and, as such, it does not incorporate the gauge fields which are the characteristic feature of the heterotic string. The main point of this paper is to develop this class of solutions beyond zeroth order in α ′ and include non-trivial gauge fields. For simplicity we will consider purely internal gauge fields F uv on the six-dimensional half-flat manifold X, with all other components vanishing. In order for those gauge fields to preserve the two supersymmetries the gaugino supersymmetry variation (2.4c) has to vanish for spinors of the form (2.7). This implies the constraints
where the symbol ¬ denotes contraction over two indices. In the Calabi-Yau case, the first equation (2.11) implies that A is a connection on a holomorphic vector bundle, while the second one, via the Donaldson-Uhlenbeck-Yau theorem, is equivalent to saying that this vector bundle is slope-stable with slope zero. For Calabi-Yau manifolds these statements provide the only practical way of solving the equations since neither the metric nor the connection are explicitly known. For half-flat manifolds we are not aware of the existence of analogous theorems. We will circumnavigate this problem by working with specific half-flat manifolds, to be introduced later, for which metric and gauge connections can be written down explicitly. For these, the two conditions (2.11) can then be checked directly. In addition to the above equations, we also have to satisfy the Bianchi identity (2.3). Since the left-hand side of this equation is exact the right-hand side needs to be trivial in cohomology. Splitting up the gauge field strength into an observable E 8 part F and a hidden E 8 partF (both of which have to satisfy (2.11)) this leads to the integrability condition 12) where the square bracket denotes the cohomology class. Satisfying this condition is necessary and sufficient for a solution to the Bianchi identity. Unless the right-hand side of (2.3) cancels point-wise (rather than merely in cohomology) this solution will require a non-vanishing NS flux H at order α ′ . This NS flux will feed into the Killing spinor equations for gravitino and dilatino and generate order α ′ corrections to the metric and the dilaton. Here, we will not attempt to calculate these α ′ corrections explicitly but assume that our compactification is at sufficiently large radius for them to be small. However, we will ensure that the integrability condition (2.12) is satisfied for our explicit examples.
Half-flat mirror manifolds
Before we move on to describe our specific examples we would like to introduce a special class of half-flat manifolds, so-called half-flat mirror manifolds. They have been introduced in Ref. [3] in order to understand type II mirror symmetry with NS flux. The relation to mirror symmetry implies some additional properties of these manifolds which have been derived in Ref. [3] and will be reviewed below. These properties facilitate string compacitification and an explicit calculation of the effective four-dimensional theory. In Refs. [4, 5] this has been used to work out the fourdimensional theory from compactifications of the heterotic string on half-flat mirror manifolds.
In the present context they are relevant because the particular half-flat manifolds used in this paper share the specific properties of half-flat mirror manifolds, as we will show. In particular, this means that the general results for the four-dimensional effective theory obtained in Refs. [4, 5] apply to compacitifications on these manifolds. Half-flat mirror manifolds are equipped with a set, {ω  }, of two-forms, a dual set, {ω  }, of four-forms and a "symplectic" set {α A , β B } of three-forms, satisfying the integral relations
This is analogous to Calabi-Yau manifolds, however, unlike in the Calabi-Yau case not all of these forms are closed. Specifically, the exterior derivatives of the non-closed forms are given by
In complete analogy with Calabi-Yau manifolds, the forms J and Ω which define the SU (3) structure can be expanded as
From Eqs. (2.14) these have non-vanishing exterior derivatives 16) an indication that these are SU (3) structure rather than SU (3) holonomy manifolds. The torsion classes characterising the SU (3) structure can be read of from the right-hand sides of these equations and comparison with Appendix A.2 shows that they indeed satisfy the characteristic half-flat constraints (2.10).
Nearly-Kahler homogeneous spaces
In this section, we introduce the particular six-dimensional manifolds on which we would like to compactify heterotic string theory. Vector bundles and gauge connections on these manifolds will be discussed in the following section. The general class of manifolds from which we would like to draw are homogeneous spaces, that is, coset spaces of Lie groups. It is known [13] that precisely four six-dimensional spaces within this class are half-flat manifolds, namely the cosets
. We will indeed see that the torsion classes of these manifolds satisfy the half-flat constraints (2.10) and are, in fact, somewhat more special in a way that is referred to as "nearly Kahler". In addition, we will also systematically construct an explicit set of forms on these manifolds which satisfy the relations (2.14) for half-flat mirror manifolds. This has been first exposed by House and Palti for the SU (3)/U (1) 2 case [14] . To set the scene, we begin by reviewing some well-known facts on coset spaces [15] [16] [17] [18] [19] [20] [21] and SU (3) structures on such spaces. This formalism is then applied to the above near-Kahler coset spaces, mainly following the results of Ref. [6, 7] . Since the space SU (2) × SU (2) is less suited for bundle constructions it will not be discussed explicitly and we will focus on the first three examples.
Coset space formalism
In the following we collect some of the required results for coset spaces [15] [16] [17] [18] [19] [20] , mainly to introduce the relevant notation and conventions. Let G be a Lie-group and H a sub Lie-group of G. The coset space G/H is defined as the set of left cosets which arise from the equivalence relation
This means two elements, g and g ′ of G are considered to be equivalent if they can be related by right multiplication with some element of the subgroup H. A useful way to think about the group G in this context, which we will make use of later, is as a principal bundle G(G/H, H) with base space G/H and fibers given by the orbits of H. The Lie-algebra G of G can be written as a direct sum
where H is the Lie-algebra of the sub-group H and K is the remainder, which corresponds to the coset. In the following, we will adopt the following conventions
to denote Lie algebra basis elements in those various parts. Here, indices A, B, C, . . . run over the whole Lie algebra G, while a, b, c, . . . denote coset indices and i, j, k, l, . . . label directions in H. Our conventions are summarized in Appendix A. The structure constants, f AB C , are split up into different types accordingly. Coordinates relative to the basis {K a , H i } are denoted as (x a , z i ).
For reasons which will become apparent in Section 4 we also require the Lie Algebra G to decomposes reductively, that is, we can choose a basis such that the structure constants satisfy
It turns out that this can indeed be achieved for all our explicit examples. For such a reductive decomposition, the non-vanishing commutation relations take the form
In practice, the relevant geometrical information about the coset is contained in the structure constants. For our three examples they are explicitly given in Appendix B.
In order to get an explicit description of the coset space one can choose one representative for each coset. Using the exponential map, such a representative can be written as
In more mathematical language, L can be viewed as a section of the principal bundle G
(G/H, H).
A non-singular set of one-forms on G/H can be obtained following a procedure analogous to the one leading to left-invariant one-forms on G. First, define the Lie-algebra valued one-form
where d is the exterior derivative on G/H. Then expand V in terms of the chosen Lie-algebra basis as
with one-form "coefficients" e a and ǫ i . It can be shown that the one-forms e a , in the directions of the coset generators K a , are indeed non-singular, that is, they form a basis of the co-tangent space on G/H and can be used as a vielbein. The algebra of their exterior derivatives follows from the Maurer-Cartan structure equations on G. Using the commutation relations (3.5) one obtains
9)
While the forms e a are left-invariant when viewed as forms on the group G this is no longer the case when they descend to the coset G/H. For the subsequent discussion we will need to know the G-transformations of the e a explicitly, so we briefly discuss their derivation [15] [16] [17] [18] .
Suppose the left-action of an element g ∈ G on G/H maps a coset represented by L(x) into a coset represented by L(x ′ ). Then we can write
where the "gauge transformation" with h ∈ H on the right-hand side accounts for the fact that the group action, while leading to an element in the coset represented by L(x ′ ), does not necessarily give the chosen representative L(x ′ ). Using the definition (3.7) of the Lie-algebra valued one-form V this transformation law translates to
From the coset point of view, the second term does not change the equivalence class of V and can be discarded. Consequently, the basis forms e a transform in the adjoint representation
For an infinitesimal G-action g = 1 + ǫ A T A , the associated gauge transformation h in Eq. (3.11) can be written as
Expanding the exponentials in Eq. (3.11), these functions can be calculated order by order but their explicit form will not be needed in the present context. Inserting into Eq. (3.13) the infinitesimal transformation of the vielbein becomes
This transformation law will be crucial in a moment when we establish what it means for an SU (3) structure on a coset space G/H to be G-invariant.
G-invariant structures
As discussed earlier, an SU (3) structure is given by a two-form J and a three-form Ω which are subject to the conditions (A.4). Associated to such an SU (3) structure is a metric g which can be computed from J and Ω. On a coset space G/H these tensors can be expanded in terms of the vielbein forms e a as
The construction of SU (3) structures on coset spaces G/H adopted in this paper is based on two additional assumptions. First, we assume that the coefficients, J ab , Ω abc and g ab in the above expressions are constant, rather than more general functions on the coset space. Secondly, we require that J, Ω and g are invariant under G actions on the coset. In order to work out the implications of this second assumptions we need to transform the expansions (3.15) using the transformation law (3.14) of the vielbein forms. When applied, for example, to the metric this leads to
Then, G-invariance requires the second term of the right hand side to vanish. Hence, the coefficients g ab of a G-invariant metric are constrained by
The same steps can be repeated for J and Ω which turn out to be G-invariant if their components satisfy
To summarise, a G-invariant SU (3) structure with constant coefficients on G/H is given by forms J and Ω as in Eq. (3.15) with their coefficients satisfying the constraints (3.18). Of course, it is not clear that all SU (3) structures or even all half-flat SU (3) structures on G/H are G-invariant and have constant coefficient expansions in terms of the forms e a . So we should keep in mind that the moduli space of such structures might be larger than we will derive below. An exploration of this full moduli space is beyond the scope of the present paper. The important fact, for the purpose of this paper, is that the two additional assumptions greatly simplify the technical problems and do allow for half-flat SU (3) structures on the relevant coset spaces. This means that, within the context of the domain wall solutions discussed earlier, we can indeed consider compactifying the heterotic string on these spaces.
Specific coset spaces
We will now apply the formalism outlined previously to our three examples SU (3)/U (1) 2 , Sp(2)/SU (2) × U (1) and G 2 /SU (3), largely following the discussion in Ref. [6, 7] . In practice, this means finding families of G-invariant SU (3) structures which satisfy the half-flat conditions required for our heterotic compactifications. To avoid cluttering the main text, the relevant group-theoretical information, such as generators and structure constants, has been collected in Appendix B.1. We will also demonstrate the existence of sets of forms on these cosets which satisfy the characteristic relations (2.14) of half-flat mirror manifolds. From hereon, our convention is to have coset indices a, b, c, . . . run over values 1, . . . , 6. Indices i, j, k, . . . , which label the generators of the sub-group H, range from 7, . . . , dim(G).
SU(3)/U(1)
For the SU (3) generators T A we choose the usual Gell-Mann matrices, however, relabeled in such a way that the coset generators, corresponding to the non-diagonal Gell-Mann matrices, carry indices from 1 to 6. The resulting generators and structure constants are given in appendix B.1. Solving Eq. (3.17) shows that the most general SU (3)-invariant metric takes the form By computing the metrics associated to this family of SU (3) structures one can verify that the moduli R 1 , R 2 and R 3 are indeed identical to the ones appearing in (3.19).
We can now introduce the following linear combinations of G-invariant two-, three-and four-forms. where V is the volume of the coset space defined by
Introducing the volume factors in the above definitions ensures that these forms satisfy the standard integral normalisations (2.13). Moreover, using the Maurer-Cartan relation (3.9) together with the explicit structure constants, it can be verified that they satisfy the defining differential relations (2.14) for half-flat mirror manifolds with intrinsic torsion parameters given by
The SU (3) structure forms J and Ω in Eqs. (3.21) and (3.22) can also be expanded in terms of this new basis. This leads to expressions which conform to the general ones (2.15) for half-flat mirror manifolds. Altogether, this shows that SU (3)/U (1) 2 can be given the structure of a half-flat mirror manifold. In particular, from the general discussion in Section 2.3, this means that the SU (3) structures defined above are half-flat. Explicitly, the torsion classes are given by [7] ,
It will be relevant to note that on the locus in moduli space where the three radii are equal, R 1 = R 2 = R 3 ≡ R, the torsion classes reduce to
This shows that the SU (3) structure is nearly-Kahler at this particular locus. Writing J in (3.21) in terms of the above two-forms ω ı and comparing with Eq. (2.15) we can read off expressions for "Kahler" moduli v ı , defined in the context of half-flat mirror manifolds. In terms of the radii R i , they are given by
Note that the forms ω 1 and ω 2 are closed and, hence, define cohomology classes, while ω 3 is not closed. We, therefore, expect two massless modes, v 1 and v 2 , and one massive one, v 3 . This expectation is confirmed by looking at the superpotential for half-flat mirror compactifications [4] which is given by W = e ı T ı , where Re(
In view of the torsion parameters (3.28) this means
so that T 1 and T 2 are indeed massless. Also note, the existence of only two G-invariant threeforms, α 0 , β 0 means that the analogues of complex structure moduli are not present in this particular model.
Sp(2)/SU(2) × U(1)
In order to obtain a half-flat space, this coset is defined by taking the non-maximal embedding of SU (2) with the volume V of the coset space defined as in Eq. (3.27). These forms indeed satisfy the relevant relations (2.14) for half-flat mirror manifolds provided the torsion parameters are set to
The torsion classes are given by [7] , When the two radii are equal, R 1 = R 2 ≡ R, they simplify to
which correspdonds to a nearly-Kahler SU (3) structure, as before. Expanding J in Eq. (3.37) in terms of the forms ω ı , we obtain the Kahler moduli fields,
The form ω 1 is closed while ω 2 is not, so we expect v 1 to be massless and v 2 to be heavy. From the torsion parameters (3.42) the superpotential (3.33) is given by W = T 2 which confirms this expectation. As before, there are no "complex structure moduli" for this coset space.
G 2 /SU(3)
Details of the group theory are explicitly given in appendix B.3. Following the same procedure as in the previous two cases, the most general G 2 invariant metric turns out to be satisfies the half-flat mirror condition (2.3) with the intrinsic torsion parameter given by
The only non-vanishing torsion class is [7] ,
The single Kahler modulus
is a heavy mode since ω 1 is not closed or, equivalently, since the superpotential is given by W = T 1 . Once more, there are no complex structure moduli.
Vector bundles
So far, we have set the scene by presenting the gravitational sector of certain non-Calabi-Yau heterotic compactifications. We now come to the main point of the paper which is the construction of gauge fields associated to these compacifications. To date, gauge fields in heterotic non-Calabi-Yau compactifications have been mainly addressed in a generic way, without providing explicit bundles and connections. Obviously, this restricts phenomenological applications of non-Calabi-Yau models considerably. One reason for this is the lack of suitable example manifolds on which to construct gauge bundles. In the case of non-Calabi-Yau manifolds without an integral complex structure, the case considered in this paper, an added complication is that powerful tools from algebraic geometry which are essential in Calabi-Yau model building cannot be directly applied. (An interesting new class of examples where one may be able to circumnavigate this problem has been found in Ref. [22, 23] .) In the present paper, we focus on a small class of half-flat coset manifolds suitable for heterotic compactifications, which have the advantage of allowing for an explicit computation of most relevant gauge field quantities. Discussion about SU(3)-equivariant pseudo-holomorphic bundles over SU (3)/U (1) 2 can also be found in [24] . In this section, the basic mathematical methods for constructing bundles and connections on coset spaces and evaluating their properties will be explained. In particular, we will concentrate on how to construct line bundles on coset spaces. These can be used as building blocks to construct the higher rank bundles which are typically of interest in heterotic compactifications. We will also show how the index of bundles -giving the number of chiral families in the lowenergy theory -can be computed from the Atiyah-Singer index theorem. In the next section, these general constructions will be applied to our particular coset examples. As we will see, explicit gauge connections and their associated field strengths for the relevant bundles can be written down for these spaces. It is this feature, facilitated by the group structure of the manifolds, which allows us to check all relevant properties required for heterotic vacua.
Associated vector bundles and line bundles
We have mentioned before that the group G can also be viewed as a principle bundle G = G(G/H, H) over the coset space X = G/H. This observation is the starting point for constructing vector bundles V over G/H. It is well-known, that for each representation ρ of H on a vector space F , there is a vector bundle V = V (G/H, F ) over G/F , with typical fiber F , which is associated to the principle bundle G. More explicitly, this vector bundle can be constructed as follows. We start with the trivial vector bundle G × F over G, where the group H acts on the fiber F via the representation ρ. On this vector bundle, we can introduce the equivalence relation
The vector bundle V ρ over the coset G/H is then defined as the set of equivalence classes under this relation. Hence, for every representation ρ of H we have a corresponding vector bundle V ρ over the coset G/H which is associated to the principle bundle G. A particularly useful fact for our purposes is that a connection on the principal bundle uniquely induces a connection on every associated vector bundle. This leaves us with finding a connection on G(G/H, H) and in the spirit of chapter 3 we require this connection to be G-invariant. Fortunately, it is known [25] that the G-invariant connections of the principal bundle G(G/H, H) are in one-to-one correspondence with reductive decompositions of G and are explicitly given by
We recall, that the H i are a basis of the Lie-algebra of H and the one-forms ε i on the coset have been defined in Eq. (3.8). The induced connection, A (ρ) , on the associated vector bundle V ρ is then given by
3)
The curvature F = dA + A ∧ A of this connection 1 can be computed from the Maurer-Cartan structure equations (3.9) . This leads to
Note this curvature is independent of ε i and can be expressed solely in terms of the vielbein forms e a as a direct consequence of reductiveness, that is, of the structure constants satisfying (3.4). This fact is of considerable practical importance since it means that all subsequent calculations can be performed "algebraically", merely based on the knowledge of structure constants. We would like to mention two specific types of associated vector bundles which will be relevant for the subsequent discussion. The first is obtained by choosing the representation
that is, ρ is induced by the adjoint representation of G. The corresponding bundle is the tangent bundle of G/H and the gauge field defined by the above choice of representation provides a connection with torsion on this bundle. The second type arises for one-dimensional representations ρ of H. Applying the above formalism to such representations leads to line bundles and connections on them. One choice which is always possible is of course the trivial representation of H. However, in this case the associated line bundle is simply the trivial line bundle O X . Fortunately, for two of our examples, the corresponding sub-groups H allow for non-trivial one-dimensional representations so that we can generate more interesting line bundles, L. Since we know the curvature form of these line bundles it is possible to explicitly work out their first Chern class
Here the square bracket denotes the cohomology class in H 2 (X). The last part of the equation is a linear combination of a suitable basis, {ω r }, of H 2 (X), to be determined explicitly for our examples, with integer coefficients p r . The line bundle L is uniquely characterised by its first Chern class or, equivalently, by the integer vector p = (p r ), and will also be denoted as L = O X (p). These line bundles will be used as building blocks for higher-rank bundles. In particular, we will consider sums of n line bundles
For such line bundle sums we require a vanishing total first Chern class, c 1 (V ) = 0, which means the integers p r i must satisfy
for all r. This guarantees that the structure group of V is contained in S(U (1) n ). For 1 < n ≤ 8 this allows for an embedding into one of the E 8 factor of the gauge group via the sub-group chain S(U (1) n ) ⊂ SU (n) ⊂ E 8 . The low-energy gauge group in this E 8 sector is the commutant of the bundle structure group within E 8 , as usual. For S(U (1) n ) with n = 3, 4, 5 this commutant is given by S(U (1) 3 ) × E 6 , S(U (1) 4 ) × SO(10) and S(U (1) 5 ) × SU (5), respectively, and, therefore, contains phenomenologically interesting GUT groups as its non-Abelian part. For consistent heterotic vacua the gauge bundle needs to satisfy further requirements. First of all, we need to satisfy the supersymmetry conditions (2.11). Since we know the gauge field strengths F on our bundles, as well as the SU (3) structure forms (J, Ω) these conditions can be checked explicitly and this is what we will do for our examples. It will turn out that both the connection (4.5) as well as line bundle sums can satisfy the supersymmetry conditions.
In addition, we need to satisfy the integrability condition (2.12) for the Bianchi identity and we now turn to a discussion of this task.
Bianchi identity
We recall from Eq. (2.12) that the integrability condition for the Bianchi identity reads
where the square bracket indicates cohomology classes in H 4 (X). Here, R is the curvature tensor of the coset space X and F ,F are the field strengths in the two E 8 sectors, corresponding to observable and hidden bundles V andṼ . In terms of characteristic classes this can be written as
In practice, we will write those classes as a linear combination of a basis, {ω r } of H 4 (X), dual to our earlier bases, {ω r } of the second cohomology. The relation between those two basis sets can be written as 10) where the d rst are the analogous to triple intersection numbers. The numbers d rst will be explicitly determined for our examples. Both, for the computation of the intersection numbers and the left-hand side of the anomaly condition (4.9), we require the curvature tensor of the the coset space. The Levi-Civita connection one-form, ω a b , associated to the vielbein e a on the coset space is determined by the standard relations de a + ω a b ∧ e b = 0 and ω ab = −ω ba . For reductive homogeneous spaces it is given by [17] From this result, we can work out the first Pontryagin class for our examples and write it as p 1 (T X) = p 1r (T X)ω r in terms of our basis for the fourth cohomology. The crucial input for the computation of the intersection numbers is the volume (3.27) of the coset space. This can be obtained by using the generalized Gauss-Bonnet theorem [17] χ(X) = X γ(T X) , (4.13) where χ is the Euler characteristic and γ the Euler form of X. The latter can be expressed in terms of the Riemann curvature tensor and in six dimensions it is given by
(4.14)
Here the last equality defines the quantity vi. In practice, we work out v by inserting the above result for the curvature tensor and by re-writing the resulting expression as a constant times e 1 ∧ . . . ∧ e 6 . The volume is then given by
Which choice of gauge bundle should we make in order to satisfy the anomaly condition (4.9) for a given manifold, that is, a given first Pontryagin class on the left-hand side? One obvious attempt would be to set the "observable" gauge field F equal to the above curvature, while choosing the hidden curvature to be trivial. This would obviously satisfy the Bianchi identity (2.3), not just in cohomology, but point-wise on the coset space for a vanishing three-form H. This choice is the analogue of the "standard embedding" traditionally used in heterotic Calabi-Yau compactifications. In the present context, the problem with this choice is that, for our coset spaces, the curvature (4.12) does not satisfy the supersymmetry conditions (2.11) required for the gauge fields. Hence, we cannot choose a standard embedding in the conventional sense.
However, a related choice, somewhat reminiscent of the standard embedding, is possible. We can choose the observable gauge field specified by (4.5) on the tangent bundle while the hidden gauge field is trivial. This will satisfy the anomaly condition (4.9) since both, (4.11) and (4.5), provide connections on the same bundle and will, hence, result in the same topological characteristics. Also, as we have mentioned earlier, the gauge field connection defined by (4.5) can indeed satisfy the supersymmetry conditions (2.11) for our coset spaces, as we will show. Hence, this choice leads to a consistent and supersymmetric vacuum. However, since the curvature forms (4.4), (4.5) and (4.12) are not the same (in fact, the former is equal to the first term in the latter) the right-hand side of the Bianchi identity does not vanish point-wise and a non-zero H-field will be required at order α ′ . For this reason it might not be appropriate to refer to this choice as "standard embedding".
However, we would like to work with more general gauge fields, rather than special choices resembling the standard embedding. Our focus will be on the simplest such class with Abelian structure groups. This means that the associated vector bundles are sums of line bundles as in Eq. (4.7). More precisely, we will allow for both an observable bundle V and a hidden bundleṼ of this kind, that is, for all r. Using additivity of the Chern character and the fact that ch 2 (L) = c 1 (L) 2 /2 for a line bundle L, together with Eq. (4.10), we find for the second Chern character ch 2 (V ) = ch 2r (V )ω r that 18) and analogously forṼ . With this result, the anomaly condition (4.9) can be written as
Index Formula
One of the most basic topological invariants of bundles is the index which gives the chiral asymmetry of zero modes of the Dirac operator and, hence, the net number of families in the four-dimensional theory. The index can be computed from the Atiyah-Singer index theorem [26] which involves the A-roof genusÂ
of the manifold X. For a bundle U on a six-dimensional manifold X the index theorem then takes the form Hence, we only need to know the intersection numbers d rst of the manifold X, together with the integers, p r i characterizing the line bundles in order to work out the index. We will also consider some non-Abelian bundles, V with vanishing first Chern class. In this case, it is convenient to express the index (4.21) in terms of the curvature, F , of V . This leads to
Bundles on coset spaces
We would now like to apply the above bundle constructions to the three coset spaces introduced earlier. Wherever possible, our focus will be on line bundle sums, although we will discuss some specific non-Abelian bundles as well.
SU (3)/U (1)
2 Let us first specify some of the required coset properties for this case. The SU (3) generators {T A } = {K a , H i } are split into the six coset generators, K a , a = 1, . . . , 6, given by the nondiagonal Gell-Mann matrices and the two generators H i , i = 7, 8 of the sub-group U (1) 2 , given by the two diagonal Gell-Mann matrices. The explicit matrices and the associated structure constants are presented in Appendix B.1. The second Betti number of this coset space is two, so we have two basis forms {ω r } and {ω r }, where r = 1, 2, each for the second and fourth cohomology, respectively. They are explicitly given by the forms in Eqs. (3.23), (3.24) introduced earlier. From Eq. (4.15) one can work out the volume (3.27) of the coset which is given by
This results in the following intersection numbers.
For the first Pontryagin class of the tangent bundle we find
Let us first discuss possible non-Abelian bundles. Using the explicit structure constants from Appendix B.1 we can verify that the Levi-Civita curvature (4.12) does not satisfy the supersymmetry equations (2.11) and, hence, cannot be used as a gauge curvature. Let us consider the supersymmetry conditions for associated bundles, specified by representations, ρ, of the sub-group H as introduced in Section 4.1. First, it can be checked that the constraint Ω ¬ F = 0 is always trivially satisfied. The constraint J ¬ F = 0 implies explicitly that
In general, the two representation matrices are linearly independent, so we have two constraints on the moduli which are solved by
Hence, all associated bundles are supersymmetric on the nearly-Kahler locus of the moduli space. In particular, this applies to the connection (4.5). However, from Eq. (4.24), its index vanishes as one would expect for an associated vector bundle which corresponds to a real representation of the group H. Hence, it is not of particular interest from a physics point of view. Associated bundles which correspond to irreducible representations of the sub-group H can be viewed as "building blocks" for general associated bundles. In the present case, the subgroup H = U (1) 2 is Abelian so that all irreducible representations are one-dimensional and, hence, lead to line bundles. We characterize an irreducible representation ρ by a pair, (p, q) of integer charges and, more specifically, define the representation by
From Eq. (4.4) this means the associated curvature form is given by
and the first Chern class of the associated line bundle, L is c 1 (L) = pω 1 + qω 2 . From our earlier discussion this means L should be identified with O X (p, q). Taking the observable and hidden bundles, V andṼ , as sums of line bundles with vanishing first Chern class we can, therefore write
where 9) and similarly forp i andq i . Hence, each such sum of n line bundles is determined by the 2n integers p i , q i , subject to the constraints (5.9). For the second Chern character, relative to the basis {ω 1 ,ω 2 }, we find from Eqs. (4.18) and (5.2) 
for the index of V . Again, the supersymmetry equations (2.11) can be solved by the constraint,
From the above result for the second Chern character (remembering that the first Pontryagin class for this coset vanishes) the two components of the anomaly cancelation condition (4.9) can be written as
We have now collected all results required for basic model building on this coset. The problem is to choose observable bundles, V , with rk(V ) = 3, 4, 5 specified by integers p i , q i and corresponding hidden bundles,Ṽ , with rk(Ṽ ) = 2, . . . , 8 specified by integersp j ,q j subject to the following constraints.
• The first Chern classes of V andṼ vanish, that is, Eqs. (5.9) are satisfied.
• The anomaly conditions (5.13) and (5.14) are satisfied.
• The index (5.11) of the observable bundle V equals three to obtain a GUT model with three net families.
It is clear that there are many possible solutions to these constraints and a systematic study of all model building options will be presented in a forthcoming publication [27] . Here, we merely present a number of examples given in Table 5 .1. 1,1,-1,-2) (-1,-3,-3 The rank of the hidden bundle has been taken to be five in all the cases but solutions with different ranks exist.
We have seen earlier that the torsion connection (4.5) on the tangent bundle, while supersymmetric, has a vanishing index since it is associated to a real representation. It was, therefore, not suitable as a "standard embedding". A related, complex representation can be defined by considering H as a sub-group of SU (3) and by choosing the representation ρ which is induced by the fundamental representation of SU (3). This means setting
The associated bundle for this representation has rank three and is, in fact, a sum of three line bundles. It turns out that it corresponds to the example in the first row of Table 5 .1. For this choice, the anomaly condition is satisfied for a trivial hidden bundle and the chiral asymmetry, three in this case, equals half the Euler number of this manifold. Hence, this bundle has two of the main characteristics of the standard embedding. Note, however, that it does not lead to a vanishing right-hand side of the Bianchi identity (2.3) and, therefore, the model receives corrections at order α ′ .
Sp(2)/SU (2) × U (1)
The generators {T A } = {K a , H i } of Sp(2) consist of six coset generators, K a , a = 1, . . . , 6 and four generators H i , i = 7, . . . , 10 of the sub-group SU (2) × U (1). The explicit matrices and associated structure constants are listed in Appendix B.2. The second Betti number of this coset space is one and the second and fourth cohomology are spanned by the forms ω 1 andω 1 given in Eq. (3.39). For the volume (3.27) one finds from Eq. (4.15)
The single intersection number and the first Pontryagin class are given by
As for the SU (3) case one can verify from the structure constants in Appendix (B.2) that the Levi-Civita curvature does not satisfy the supersymmetry conditions. For associated bundles with representation ρ the constraint Ω ¬ F = 0 is trivialy satisfied while the constraint J ¬ F = 0 implies
This is solved in the region of moduli space where
Hence, all associated bundles satisfy the supersymmetry conditions in the nearly-Kahler part of the moduli space. In particular, this applies to the connection (4.5). However, as before, it has a vanishing index and is, therefore, of limited interest. Line bundles L = O X (p) are characterized by a single integer p. They can be constructed as associated bundles by choosing representations ρ of the sub-group SU (2) × U (1) which are trivial on the SU (2) part and have U (1) charge p. Explicitly, this means
The associated field strength is F/(2π) = −ipω 1 which shows that the associated bundle has first Chern class c 1 (L) = pω 1 and should indeed be identified with O X (p). As before, the observable and hidden bundles V andṼ are taken as line bundle sums with vanishing first Chern class, so that
For the second Chern character and the index we find We should now study the model building options in analogy to what we did for SU (3)/U (1) 2 . We need to choose bundles V andṼ , specified by integers p i andp j as in (5.21) which satisfy the anomaly condition (5.23) and lead to an index (5.22) of three so that we obtain three chiral GUT families. However, unlike for the previous case, the combination of these conditions is quite restrictive. A search over all integers p i for rk(V ) = 3, 4, 5 and all integersp j shows there is only one solution, given by the rank four observable bundle 24) and a trivial hidden bundle, which satisfies the anomaly condition. Unfortunately, however, this model has vanishing index so is not of physical interest. Finally, let us work out the quasi standard-embedding (5.15) for the present case. We recall that this is done by choosing the representation ρ which is induced by the fundamental of SU (3) via the embedding SU (2) × U (1) ⊂ SU (3). This means explicitly 25) where λ i are the Gell-Mann matrices as given in Appendix B.1. This choice satisfies the anomaly condition for a trivial hidden bundle. From Eq. (4.24), we can calculate the index explicitly and we find two chiral families which equals half the Euler number, as expected.
G 2 /SU (3)
The generators {T A } = {K a , H i } of G 2 consist of the six coset generators K a , a = 1, . . . , 6 and the eight generators H i , i = 7, . . . , 14 of the sub-group SU (3). The explicit matrices and structure constants are given in Appendix B.3. The second Betti number of this coset vanishes so, unfortunately, there are no non-trivial line bundles. Hence, we have to consider non-Abelian gauge fields in this case. The Levi-Civita connection and the torsion connection (4.5) on the tangent bundle have the same properties as for the two previous cases. The former does not satisfy the supersymmetry conditions while the latter does but has a vanishing index.
The quasi standard embedding (5.15) is here obtained by choosing ρ to be the fundamental representation of the SU (3) sub-group. In practice, this means setting
Note here that, by our convention, the index i numbering the sub-group generators H i runs in the range 7, . . . , 14. The anomaly condition is satisfied with a trivial hidden bundle and the number of generations is half the Euler number and, hence, equal to one.
Conclusion and outlook
In this paper, we have studied the compactification of the heterotic string on six-dimensional coset spaces G/H with particular focus on the three coset spaces SU (3)/U (1) 2 , Sp(2)/SU (2) × U (1) and G 2 /SU (3). These coset spaces are half-flat and they solve the gravitational sector of the theory in the context of heterotic domain wall vacua. We have shown that the three coset spaces have the structure of half-flat mirror manifolds and, hence, the general results for the gravitational part of the four-dimensional effective theory obtained in Refs. [4, 5] can be directly applied. The main purpose of this paper has been to gain a better understanding of the gauge field sector in heterotic half-flat compactifications. The group origin of the coset spaces facilitates the construction of gauge bundles and the computation of explicit connections on them. The supergravity equations can, therefore, be checked directly. Specifically, for each representation of the sub-group H one has a vector bundle associated to the principal bundle G = G(G/H, H). For the case SU (3)/U (1) 2 the irreducible representations of the sub-group H = U (1) 2 leads to line bundles and, in fact, all line bundles on this coset space can be obtained in this way. Since the second Betti number, b 2 , of this space is two these line bundles are characterised by two integers which correspond to the two charges of U (1) 2 . The situation is analogous for Sp(2)/SU (2) × U (1). Taking the SU (2) representation to be trivial the U (1) representations, specified by a single charge, lead to a one-integer family of line bundles, in accordance with b 2 = 1 for this space. The second Betti number of G 2 /SU (3) vanishes so there are no non-trivial line bundles on this space as, indeed, there are no non-trivial one-dimensional representations of H = SU (3). Of course, one can also consider higher-dimensional representations and we have presented some examples. One possible choice is the "fundamental" representation of H, that is the representation induced by the fundamental of SU (3) ⊃ H. It turns out that this choice, for all three coset spaces, leads to a quasi standard embedding where the anomaly condition is satisfied for a trivial hidden bundle and the chiral asymmetry is given be half the Euler number of the manifold.
For the first two coset spaces, we have also shown that consistent vacua can be obtain by suitable sums of line bundles in the observable and hidden sector. The Sp(2)/SU (2) × U (1) case where line bundles are labeled by only one integer is quite restrictive in this regard and we have been able to find only one consistent model, unfortunately with a vanishing chiral asymmetry. The SU (3)/U (1) 2 case, however, allows for many consistent solutions with line bundle solutions and we have presented a number of explicit examples with chiral asymmetry three.
Specifically, the SU (3)/U (1) 2 case requires a more systematic study of all possible line bundle models and work in this direction is underway [27] . More general, non-Abelian bundle constructions, for example based on quotients or extensions of line bundle sums can also be studied in this case and possibly for Sp(2)/SU (2) × U (1). Recently, a new class of SU (3) structure manifolds which might be suitable for heterotic compactifications has been found by using methods in toric geometry [22, 23] . It might be interesting to study bundles on this new class of manifolds. 
Furthermore, in the geometry of coset spaces, we use the following conventions to label the various types of generators.
Evidently, the indices a, b, ... label the internal six-dimensional geometry and therefore are the co-frame (vielbein) indices associated to the above coordinates u, v, ....
A.2 SU (3) structure
Generically, the structure group of the frame bundle of a six-dimensional manifold is given by Gl(6, R) but may also be a genuine sub-group of Gl(6, R). This happens if there exist globally defined tensors on the manifold which have to be invariant under the structure group transformation. For the case of an SU (3) structure on a six-dimensional manifold X these tensors are given by a real two-form J and a complex three-form Ω, which are subject to the following algebraic compatibility relations 2
It is understood that both sides of the first equation are non-vanishing everywhere and, hence, define a volume form on X. Moreover, J and Ω define a metric on X which we denote by g. If both forms are closed, the SU (3) structure is integrable and (X, g) has SU (3) holonomy with respect to the Levi-Civita connection. In general, however, the forms will be not closed and the connection compatible with the SU (3) structure on (M, g) will have non-vanishing torsion. The resulting geometries are classified according to the decomposition of the torsion τ into irreducible SU (3) representations
which are referred to as the five torsion classes W 1 , W 2 , W 3 , W 4 and W 5 . In terms of these, J and Ω can be expressed as
where the classes satisfy
in order to fit the compatibility relations (A.4). Here are some special types of SU (3) structures which are characterized by the following conditions on the torsion classes 3
Furthermore, the Strominger system has the following characterisation in terms of the torsion classes, As previously stated, we are decomposing the ten dimensional space M 10 into
where M 3 is 2 + 1-dimensional Minkowski space. The heterotic supergravity equations, in the absence of flux and with a constant dilaton, dictate that M 1 ×X is a manifold with G 2 holonomy. This is equivalent to the existence of a covariantly constant spinor η on M 1 × X. This spinor can be decomposed into two chiral spinors η ± on X by writing It can be shown [11, 28] , given the appropriate flow of these tensors along M 1 as described by Eqs. (2.9) , that those define an SU (3) structure on the six-dimensional space which is half-flat.
B The three coset spaces
In this appendix we collect relevant information on the three coset spaces G/H we focus on in this paper. This includes generators of the Lie-group, structure constants and some topological information such as Betti numbers. The generators, T A of the Lie-algebra of G are split up as {T A } = {K a , H i }, where K a , a = 1, . . . , 6 denote the coset generators and {H i }, i = 7, . . . , dim(G) are the generators of the sub-group H.
B.1 SU (3)/U (1)
2 Let us first recall the standard Gell-Mann matrices for the Lie algebra of SU (3). 
